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The possibility that the vacuum energy density ρΛ is, indeed, varying in time, has been investi-
gated lately from the running vacuum models perspective. Motivated by such models, in the present
work, we relate the decaying vacuum energy ρΛ(t) with a scalar field φ. We derive the equations of
motion from such a premise and implement the first-order formalism in order to obtain analytical
solutions to the cosmological parameters. We show that those are in agreement with recent Planck
observational data. We discuss the physical consequences of having ρΛ(t) related to φ.
I. INTRODUCTION
At the present moment, we face a dark universe. The last set of data from PLANCK collaboration tells us that the
content of dark energy accelerating the expansion of the universe is ∼ 0.69% [1]. As it is well-known, the best model
which fits the cosmological parameters derived by PLANCK and by other collaborations such as Dark Energy Survey
[2], is the ΛCDM model, which is based on the cosmological constant Λ, as the source of acceleration, together with
cold dark matter.
Despite its success, ΛCMD model has at least two unpleasant issues. The first is known as the cosmological constant
problem, which relies on the huge difference between the cosmological constant value derived from cosmological
observations and from quantum field theory [3, 4]. The other issue is denominated coincidence problem, which is
related to the fact that nowadays the amounts of dark energy and dark matter in the universe are of the same order
[5]-[7].
One effort to amend these problems is based on a varying cosmological “constant” Λ = Λ(t), which is also de-
nominated decaying vacuum. Among the several studies on decaying or running vacuum models, we highlight the
contributions from Coleman et al. [8], Rajantie et al. [9] and Polyakov [10]. In its seminal paper, Coleman et al. [8]
investigated how vacuum decay can affect the gravitation. Gravitation effects on bounces in the Standard Model of
particles were later studied by Rajantie et al. in Reference [9]. Besides that, Polyakov has unveiled how the vacuum
is able to produce stimulated radiation in a de-Sitter space during its decaying process [10].
Running vacuum models are, therefore, quite helpful in cosmology particularly because they can explain the cos-
mological constant problem. As it was shown in [11], the small current value of the vacuum energy density can be
conceived as a result of the massive disintegration of vacuum into matter during the primordial stages of the universe
evolution.
The ΛCDM model also can hardly provide by itself a definite explanation for the complete cosmic evolution,
which involves an early and a late accelerated regimes of expansion separated by billions of years. The possibility of
describing the whole cosmic history uniquely can also be attained in running vacuum models [11]-[13] (the present
authors have shown that this is also possible via f(R, T φ) gravity, with R being the Ricci scalar and T φ the trace of
the energy-momentum tensor of a scalar field).
As mentioned above, the ΛCDM model is also plagued by the coincidence problem. Remarkably, running vacuum
models can also alleviate this issue, since according to them, the density parameters of vacuum and matter are equal
in two different epochs of the universe evolution [12].
In fact, in [12], it was shown that running vacuum models are also a good alternative to treat the Big-Bang
singularity, horizon problem, baryogenesis problem and de-Sitter instability.
It is important to remark that there are several alternative routes to describe the cosmological constant such as the
holographic dark energy [15], loop quantum cosmology [16, 17], modified gravity theories like f(R) gravity [18]-[20],
f(G) gravity [21], with G being the Gauss-Bonnet scalar, f(R, T ) gravity [22] and different forms of cosmological
fluids [23, 24]. However, the consideration of a running vacuum model in cosmology is remarkable as one can also see
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2[25, 26]. Anyhow, it is worth mentioning that the origin of Λ remains an open question with several approaches but
none definitive answer [27].
In the present article, we propose a scenario with a time-dependent cosmological constant which is able to connect
different phases of the universe evolution. Our methodology is particularly based on a running cosmological constant
driven by a scalar field.
In order to introduce our ideas, let us go back to the energy conservation violation for a running vacuum model,
which was written in [11] as
ρ˙m + 3Hρm(1 + ωm) = −ρ˙Λ, (1)
for ρm being the usual matter-energy density, H = a˙/a the Hubble factor, a the scale factor, ωm the parameter of the
equation of state (EoS) of matter, ρΛ the vacuum energy density and dots represent time derivatives. The presence of
the term ρ˙Λ 6= 0 requires some energy exchange between matter and vacuum. Also, when ρΛ is a constant in Equation
(1), the standard cosmology prediction is trivially retrieved.
Equation (1) is clearly a consequence of the Bianchi identities applied to Einstein’s field equations in the presence
of a varying cosmological constant. It could also, naturally, appear from the consideration of a term Λ(t)gµν , with
gµν being the metric, to be added to the usual matter energy-momentum tensor. Such a variable Λ was introduced in
References [28, 29] with the purpose of solving the entropy problem without need for introducing some specific fields
or irreversible processes. In fact, while a constant Λ yields TdS = 0, for all the parts of the universe in equilibrium
at temperature T and S being the entropy, a varying Λ yields TdS ∼ −dΛ.
It is important to remark that such an extra contribution to the usual matter energy-momentum tensor may also
appear as a result of renormalization. Take for instance Ref.[30], in which after renormalization the energy-momentum
tensor 〈θµν〉 reads 〈θµν〉 = 〈Tµν〉 + ǫ(σ)gµν . This may be interpreted as if 〈Tµν〉 is the energy-momentum tensor of
observable matter and ǫ(σ)gµν is the energy-momentum tensor of the non-observable vacuum. A similar interpretation
can be given to the extra terms in the effective energy-momentum tensor of the f(R, T ) gravity [22].
In Eq.(1), the matter-energy density ρm and the pressure pm = ωmρm are the non-null components of the energy-
momentum tensor of a perfect fluid. If we assume a scalar field φ with Lagrangian density
L = φ˙
2
2
− V (φ) , (2)
to be responsible for the matter field, as in quintessence models [31, 32], with V (φ) being the scalar field potential,
but keep the vacuum decaying term, novel features for the universe dynamics are expected to be predicted. One
can interpret it as the vacuum energy supplying the scalar field, or vice versa. As it was previously mentioned, the
development of such a formalism and the derivation of its cosmological consequences are the main goal of the present
study. Besides, it is relevant to point that all the approaches of this investigation are based on analytical calculations.
The structure of the paper is as follows. In Section II, we introduce our running vacuum model and implement
the first-order formalism in order to find analytical cosmological models. After that, in Section III we explore the
cosmological interpretation of an analytical running vacuum model. Section IV unveils the behavior of the parameters
from the power spectrum perturbations. Finally, in Section V we present our conclusions and future perspectives for
the methodology here introduced.
II. THE RUNNING VACUUM MODEL
Departing from standard ΛCDM model of cosmology [33], in running vacuum models, ρΛ varies in time. For the
evolution of ρΛ it has been proposed an even power series of the Hubble rate as [11]
Λ(H) = c0 + c2H
2 + c4H
4 + ..., (3)
with c0 representing the dominant term when H ∼ H0, H2, H4... are small corrections to the dominant term, which
provide a time-evolving behavior to the vacuum energy density and c2, c4... are constants.
One may wonder how to overcome degeneracy between a model based on Eq.(3) and standard dark energy models.
One possible path is the so-called cosmography method. This method uses cosmographic techniques to establish
cosmological constraints on the observable universe [34, 35]. Moreover, it can be used to test generalized versions
of General Relativity [35]. A relevant point about cosmography is that it can distinguish among models that are
3compatible with experimental data. Once (3) will lead us to modified Friedmann equations, these can be combined
to map the cosmographic parameters, by following the procedure adopted in [35].
We can write the vacuum energy density in terms of (3) as
ρΛ =
Λ(H)
8πG
=
Λ(H)
2
, (4)
with the second equality valid if we are working with c = 4 πG = 1 units.
Since here we wish to establish the scalar field to be related to the vacuum energy density, we can naturally write
the action as
S =
1
2
∫
d x 4
√−g
(
−R
2
− Λ + L
)
, Λ = Λ(φ) , L = L (∂µ φ, φ) , (5)
which can be minimized with respect to the metric, leading to the Einstein’s field equations
Rµ ν − 1
2
gµ ν R = 2 T˜µν , (6)
where Rµν is the Ricci tensor and
T˜µν = Tµ ν + gµ ν ρΛ , (7)
with Tµ ν being the energy-momentum tensor of the scalar field, such that
Tµν = 2
∂L
∂gµν
− gµνL . (8)
Here, Tµν = diag(ρ,−p,−p,−p), with ρ and p being the matter-energy density and pressure of the other components
of the universe, as radiation and matter.
Considering that this background field depends only on time and that the Lagrangian L has the form presented in
(2), we can use (4) and (8) to determine the density and the pressure due to the field φ as
ρ =
φ˙2
2
+ V (φ), (9)
p =
φ˙2
2
− V (φ). (10)
The substitution of Eqs.(9) and (10) in (1) yields
φ¨+ V ′ + 3Hφ˙ = − ρ˙Λ
φ˙
, (11)
where primes denote derivations with respect to φ.
Moreover, the minimization of the action (5) with respect to the field leads the equation of motion
φ¨+ V ′ + 3H φ˙ = −ρ ′Λ , (12)
for the Friedmann-Lemaˆıtre-Robertson-Walker metric with null curvature [33]. In this last equation we made use of
Eq.(4).
From Eqs.(11)-(12), one obtains that
ρ˙Λ
φ˙
= ρ ′Λ, (13)
which can indeed be verified by recalling that ρΛ = ρΛ(t) on the rhs of the equation above.
4Following the procedures adopted in [11], the Friedmann equations for such a configuration are
ρ+ ρΛ =
3
2
H 2 , (14)
p− ρΛ = −H˙ − 3
2
H 2 . (15)
Consequently, by substituting (9) and (10) into (14) and (15) we determine that
V =
1
2
(3H 2 − φ˙ 2)− ρΛ , (16)
H˙ = −φ˙ 2 , (17)
respectively.
A. First-order formalism implementation
In order to obtain the solutions of the present model, we will implement the first-order formalism. It was shown in
[36] how to determine first-order differential equations involving one scalar field, whose solutions satisfy the equations
of motion. It can be seen in the literature that an advantage of this method is the attainment of analytical cosmological
parameters [32].
So, in order to implement the first-order formalism in the context of running vacuum models, let us consider that
the Hubble parameter can be written as [36]
H = −W (φ) , (18)
where W is a generalized function of the field φ, also known as superpotential. Then, Eq.(17) yields to the first-order
differential equation
φ˙ = W ′. (19)
The previous definition for H results in the potential
V =
1
2
[W 2 −W ′ 2 − (c0 + c2W 2 + c4W 4)] (20)
for ρΛ up to c4 in Eqs.(3)-(4). We can verify that Eqs.(18)-(20) satisfy (11)-(12). Therefore, the solutions of the
first-order equation (19) automatically obey the equation of motion for the field φ(t).
Moreover, the EoS parameter ω = p/ρ for this model is
ω = −
[
2W ′2
c4W 4 + (c2 − 3)W 2 + c0 + 1
]
. (21)
1. Example
As an example to unveil the applicability of such a formalism, let us work with
W = b1
(
φ− φ
3
3
)
+ b2 , (22)
where b1 and b2 are real constants. This form for W was used in several works about field theory and cosmology,
as one can see [14],[37]-[41], for instance. Such a function corresponds to the well-known φ 4 potential in standard
classical field theory.
The first-order equation for this model, therefore, has the form
φ˙ = b1
(
1− φ 2) , (23)
5whose analytical solution is
φ(t) = tanh (b1 t+ b3) , (24)
with constant b3. The features of the field φ are presented in Fig.1 below, where we see it has a kink-like profile.
With W and φ in hands we are able to find
H =
b1
3
tanh(b1t+ b3)
[
tanh2(b1t+ b3)− 3
]− b2 . (25)
Moreover, since H = a˙/a, with a being the scale factor, we can write
a(t) =
exp
[
1
6
sech2 (b1t+ b3)− b2 t
]
cosh 4 (b1t+ b2)
. (26)
Furthermore, we find
ω = −1− 2 [b1sech2 (b1 t+ b3)]2 (27)
×
{
(c2 − 3)
{
b2 − b1
[
1
3
tanh3(b1t+ b3) + tanh(b1t+ b3)
]}2
+c4
{
b2 − b1
[
1
3
tanh3(b1t+ b3) + tanh(b1t+ b3)
]}4
+ c0
}−1
as the analytical EoS parameter.
Moreover, Equation (25) together with Equation (4) yield the following relation for the vacuum energy density:
ρΛ =
c2
2
{
b1
[
tanh(b1t+ b3)− 1
3
tanh3(b1t+ b3)
]
+ b2
}2
(28)
+
c4
2
{
b1
[
tanh(b1t+ b3)− 1
3
tanh3(b1t+ b3)
]
+ b2
}4
+
c0
2
,
whose evolution in time can be seen in Figure 2.
Besides that, the features of H and ω can be appreciated in Figs.3 and 4, with the latter presenting also a curve
for the case Λ(φ) = 0 (red dashed curve). We can observe that the field φ(t) determined in Eq.(24) leads to a Hubble
parameter which exhibits a kink-like profile. Such a profile means that H is approximately constant for early and
late cosmic times, exhibiting a behavior consistent with two accelerated expansion eras of the Universe. More details
about this behavior are presented in the next section.
III. COSMOLOGICAL INTERPRETATIONS
In the present section, we will interpret our cosmological solutions obtained in the previous section and show their
feasibility.
Let us start by analyzing Figure 2. It shows the time evolution of the energy density of the cosmological “constant”.
We can see that as time passes by, the density of Λ(t) decreases until it attains a minimum constant value. In this
way, the late-time behavior of Λ retrieves what is expected in the standard model of cosmology.
Fig.3 shows the time evolution of the Hubble parameter. For small values of t we see that the Hubble parameter
is approximately constant. On this regard, the standard model of cosmology states that the primordial universe has
passed through an inflationary era. Such a primordial scenario was originally proposed in [42] with the purpose of
solving the horizon and flatness problems.
During the inflationary era, the dynamics of the Universe is such that it expands in an accelerated way. The scale
factor in this era can be written as a ∼ eHit (as it can be checked in Reference [43]), with Hi being the Hubble
parameter value during inflation. In other words, the standard cosmology states that during inflation, the Hubble
parameter remains approximately constant. From Figure 3, we can see that our model prediction, in this sense, is the
same as in the standard model of cosmology.
6FIG. 1: The graphic shows the field φ for b1 = 1 and b3 = −1.5. We can see that the scalar field smoothly variates from one
asymptotical value to another during its time evolution.
FIG. 2: Time evolution of the vacuum energy density for b1 = 1, b2 = −1, b3 = −1.5, c0 = 0.03, c2 = 0.01 and c4 = 0.004.
FIG. 3: Time evolution of the Hubble parameter for b1 = 1, b2 = −1 and b3 = −1.5.
According to standard cosmology, the non-accelerated stages of the Universe expansion, namely, radiation and
7FIG. 4: Time evolution of the EoS parameter for b1 = 1, b2 = −1, b3 = −1.5, c0 = 0.03, c2 = 0.01 and c4 = 0.004 (blue solid
curve) and for b1 = 1, b2 = −1, b3 = −1.5 and Λ(φ) = 0 (red dashed curve).
matter dominated eras, are described by a decreasing Hubble parameter H ∼ t−1. This can be easily derived by
substituting the radiation and matter parameters of the EoS of the Universe, ω = 1/3 and ω = 0, respectively, in the
standard Friedmann equations [43]. Such a decreasing function of time is the behavior of our solution for H in the
non-accelerated stages of the Universe expansion, as one can see from Fig.3.
As time passes by, H becomes constant once again. As we mentioned above, this implies an accelerated expansion.
Indeed, recent data on the fluctuations of the temperature of the cosmic microwave background show that the universe
is passing through a stage of accelerated expansion [33].
These well-behaved features are also reflected in the EoS parameter in Fig.4. According to our model, ω ∼ −1
during the inflationary era, which is the expected result [44, 45]. The EoS parameter then increases until it reaches
∼ 1/3, which is the value expected for a radiation dominated universe [43]. As time passes by, ω returns to −1, in
accordance with recent observational data [33].
It is relevant to say that up to this point there is no big difference between the cosmological parameters derived
from Λ = 0 with those with a cosmological constant driven by a scalar field. Therefore, with the purpose of unveiling
the importance of the cosmological constant in the context of a vacuum decaying model, let us approach a power
spectrum analysis of this system.
IV. FEATURES OF THE POWER SPECTRUM PERTURBATIONS
In order to complete the cosmological interpretations of our model, and with the purpose of remarking its importance
and feasibility, we are going to analyze the physical parameters of the power spectrum perturbations.
We consider that the small perturbations regime occurs in the dark energy era, so we have ρΛ ≈ constant and the
EoS parameter ω ≈ −1, as one can check Figs.2 and 4, respectively. In such a regime, ρ˙Λ ≈ 0 and, consequently, we
assume that the standard calculations of small perturbations are still valid.
The cosmological features of the power spectrum can be extracted from the first two slow-roll parameters, which
are explicitly written as [46]
ǫ =
1
4
(
V ′
V
)2
; η =
1
2
V ′ ′
V
, (29)
since we are working with 4 πG = 1 units.
The standard inflationary scenario requires that the strength of the tensor perturbations is connected with the
magnitude of the energy density. Besides, the power spectrum for scalar perturbation of a one field coupling is given
by [46]
Pζ =
H 4
4 π 2 φ˙ 2
, (30)
when we talk about quantities which are determined at the horizon crossing [46, 47].
8Moreover, another relevant parameter is the so-called scalar spectral index whose form is [46]
ns = 1− 6 ǫ+ 2 η. (31)
This parameter is important as a test for cosmological models, since it is directly measured from the cosmic microwave
background, as described in the last set of data from Planck collaboration, which established that ns = 0.9665± 0.0038
[1].
Another parameter related to tensor perturbations is the tensor-scalar ratio, which, for a one scalar field Lagrangian
coupled with General Relativity, reads [46]
r =
PT
P ζ
, PT = 16
(
H
2 π
) 2
. (32)
This parameter has also been measured by Planck collaboration, which revealed that r < 0.09 [48]. Moreover, the
Starobinsky R2 inflationary model [48, 49] predicts values for r covering the range r ∈ [0.003, 0.005].
By setting the constants of our model as b1 = 2.1, b2 = −2.8, b3 = −3.3, c0 = 5.6, c2 = 0.0026 and substituting the
Hubble parameter H , the field φ(t) and the potential V into (29), (31) and (32), yields to
ns ≈ 0.9650 , r ≈ 0.0035 , ω ≈ −0.9962 , (33)
for t = 3.
However, if we consider the same analysis for c0 = c2 = c4 = 0, we find the following
ns ≈ 1.0598 , r ≈ 0.0035 , ω ≈ −0.9999 . (34)
The last set of parameter reveals that the scalar spectral index is out of the experimental range covered by Planck
collaboration. Besides, in 2015, the Planck collaboration concluded that polynomial scalar field potentials with powers
> 2 are not compatible with these previous cosmological parameters [48]. Therefore, we clearly see that the constants
c0, c2 and c4 were essential for restoring a well behaved physical scenario.
These calculations unveil the relevance of a running Λ driven by a scalar field as a possible description for the
current accelerated phase of the universe expansion. It is interesting how such a mechanism can also be used to rescue
the one scalar field inflation, corroborating with the approach presented in [50], where the authors studied how a
Lorentz-breaking parameter term in the dynamic of the scalar field Lagrangian may lead to a scalar spectral index as
well as to a tensor-scalar ratio compatible with the recent Planck data.
V. DISCUSSION
In the present article, we have applied the first-order formalism for a running vacuum model. The cosmological
outcomes are well behaved and in accordance with observations. They indicate a complete cosmological history for
the universe evolution.
We have invoked a generalized function W (φ), referred to as superpotential, whose correspondent first-order dif-
ferential equation enables us to obtain a proper form for the Hubble parameter H(t). This parameter allowed us to
obtain the analytical forms for the scale factor a(t) and EoS parameter ω(t). The vacuum energy density ρΛ(t) was
also derived in an analytical form and Figure 2 maps its evolution in respect to time.
Models with varying “constants” have shown to yield interesting and testable results, as follows. High-quality
absorption lines seen in the spectra of distant quasars may allow one to probe time variations of fundamental constants.
In [51], the authors presented the results from a detailed many-multiplet analysis of 18 quasars, in the redshift range
0.4 ≤ z ≤ 2.3, to detect the possible variation of the fine-structure constant α. They found, as a strong constraint,
that ∆α/α ∼ (−0.06± 0.06)10−5. The observations related to the variation of fundamental constants were used to
impose constraints on f(T ) gravity models, with T being the torsion scalar, in [52].
Moreover, in [53], the authors have studied the space-time evolution of the fine structure constant inside evolving
spherical overdensities in a ΛCDM Friedmann-Lemaˆıtre-Robertson-Walker universe using the spherical infall model.
The variation of the ratio of the proton mass to the electron mass and the strong coupling, fine structure and Newtonian
gravitational constants was computed within the context of varying cosmological constant models in Reference [54].
For a review on the subject of varying constants and its relation to gravity and cosmology, we recommend Reference
[55].
Models with the variation of the vacuum energy have become popular recently. In [56], a particular form for Λ(t)
was constructed from quantum mechanical principles and some cosmological parameters were derived and confronted
9with observational data. The evolution of matter density perturbations and the cosmic star formation rate for
Λ(t) ∼ H2 were calculated in [57]. In Reference [58], a model with both decaying vacuum energy and dark matter
was proposed. Besides, there are also studies concerning the decaying of the cosmological constant with the cosmic
microwave background temperature [59].
It is important to remark that in these models, the assumption ρ˙Λ 6= 0 requires necessarily some sort of energy
exchange between matter and vacuum or vice-versa. That is to say that relativistic and non-relativistic matter are
created in the universe as a consequence of vacuum decaying.
Here we have considered a scalar field to be related to decaying vacuum energy. Eq.(13), as far as the authors
know, is a novelty in the literature. It relates the time derivatives of ρΛ and φ and since those physical quantities are
strongly related, the ratio between them can be written merely as ρ′Λ, that is, the derivative of the decaying vacuum
energy with respect to the scalar field. A relation between the decaying vacuum energy density and the scalar field
was the main premise here.
The consequences of such a strong connection are remarkable. A cosmological model in agreement with theoretical
predictions and cosmological observations was obtained. Its features are connected to the whole history of the universe
evolution, in the sense that they are able to describe inflation, radiation, matter, and dark energy eras, in an analytical
and continuous form. Such an attainment is impossible via standard gravity.
In order to obtain (33), we had to fix a value for the time and we have chosen t = 3. It is worth to remark that
this choice was not arbitrary. Let us carefully discuss this question in the following.
From the Planck satellite observations [1], the present value of the EoS parameter is −1.019+0.075−0.080. From this result,
together with Eq.(27), when t = 2.674, the EoS parameter enters a region of acceptable values. Since the Planck data
we are working with refers to the present values of the concerned parameters, we can say that in our graphics and
equations, the present time is somewhere after t = 2.674. For the sake of simplicity and also taking into account that
the acceleration of the universe expansion - that according to standard Friedmann equations, occurs when ω < −1/3
- started some billion years ago, we took t = 3 in order to calculate the numerical values of the parameters.
The results are remarkable. The numerical values obtained for ns and r are in accordance with Planck observational
data. Our value for r is also within the range of values theoretically predicted from the R2 gravity. Furthermore, the
present value for ω is in accordance with the observed cosmic acceleration. As far as we know, our approach is a new
route to rescue the one scalar field inflationary models, complementing the beautiful work by Ellis et al. [46].
It is important to say that a similar discussion of these subjects was recently performed by Basilakos et al. [60],
where the authors also analyze that the actual dark energy expansion is compatible with a cosmological constant
driven by a scalar field.
The results here presented open a new window to work with cosmological models coupled with a scalar field. We
believe that such an approach can be used in the context of hybrid inflation for standard and generalized theories of
gravity in future works.
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